This paper is concerned with the study of asymptotic spatial behaviour of solutions in a mixture consisting of two thermoelastic solids. A second-order differential inequality for an adequate volumetric measure and the maximum principle for solutions of the one-dimensional heat equation are used to establish a spatial decay estimate of solutions in an unbounded body occupied by the mixture. For a fixed time, the result in question proves that the mechanical and thermal effects are controlled by an exponential decay estimate in terms of the square of the distance from the support of the external given data. The decay constant depends only on the thermal constitutive coefficients of the mixture.
Introduction
The importance of the theory of mixtures was recognized long ago when the basic concepts of the theory have been established and the possible applications of the mathematical models have been identified. Extensive reviews on the subject in concern can be found in the works of Bowen (1976) , Atkin and Craine (1976a,b) , Bedford and Drumheller (1983) and in the books of Samohyl (1987) and Rajagopal and Tao (1995) .
In general, the theories of mixtures describe the interaction between fluids and gases, and the Eulerian description is used. In contrast to mixtures of fluids, the theory on mixtures of solids is developed naturally in the Lagrangian description and it leads to different results. The Lagrangian description has been used for the first time by Bedford and Stern (1972a,b) in order to derive a mixture theory of binary elastic solids. In this theory the independent constitutive variables are displacement gradients and the relative displacement. The Lagrangian description was used by Pop and Bowen (1978) to establish a theory of mixtures with longrange spatial interaction, Tiersen and Jahanmir (1977) to derive a theory of composites, Ies ßan (1992) to elaborate on a binary mixture theory of nonsimple elastic solids.
0020-7683/$ -see front matter Ó 2007 Elsevier Ltd. All rights reserved. doi:10.1016 All rights reserved. doi:10. /j.ijsolstr.2007 In this paper we investigate the problem of asymptotic spatial behaviour of solutions in the theory of mixtures of thermoelastic solids developed by Ies ßan (1991) . In this theory, developed in Lagrangian description, the independent constitutive variables are the displacement gradients, relative displacement, temperature and temperature gradient. In the context of the linear theory, we recall that various mathematical problems have been investigated. So, uniqueness theorems have been obtained by Ies ßan (1991) and Nappa (1997) , existence results have been presented by Martínez and Quintanilla (1995) , a reciprocal relation and a variational theorem of Gurtin type have been established by Nappa (1997) , continuous dependence results and a spatial decay estimate of an energetic measure have been derived by Pompei and Scalia (1999) and some exponential estimates for solutions describing harmonic vibrations have been presented by Passarella and Zampoli (2007) .
Our analysis in the present paper is based on some qualitative methods involving second-order partial differential inequalities. We improve the previous results obtained by Pompei and Scalia (1999) for the linear dynamic theory of thermoelastic solids by establishing an estimate which describes the asymptotic behaviour of solutions. In this sense, we follow the research line initiated by Horgan et al. (1984) (for parabolic equations) and Quintanilla (2001a) (for combinations of parabolic with hyperbolic equations), and developed further by Quintanilla (2001b Quintanilla ( ,c, 2002a , Pompei and Scalia (2002) , Bofill et al. (2002) , Magañ a and Quintanilla (2006) and references therein. For a certain class of solutions, we argue that the Saint-Venant's type estimate deduced by Pompei and Scalia (1999) may be extended to an unbounded body and further it can be used to introduce a volumetric measure of solutions. Then, we prove that this volumetric measure satisfies a secondorder differential inequality. The maximum principle for parabolic differential equalities (see Protter and Weinberger (1967) ) and the solution for one-dimensional heat equation lead to various estimates for the measure in question. Using a result of the types deduced by Horgan et al. (1984) and Quintanilla (2001a) we infer that for fixed time, at large distance to the support of the given data, the decay of solution is described by an estimate whose dominant term is an exponential of the square of the distance from the support of the external given data. The decay constant depends only on the thermal constitutive coefficients of the mixture, so that we can conclude that the mechanical effects decay more rapidly than the thermal effects.
Basic equations
We consider a body that in the reference configuration taken at time t ¼ 0, occupies the unbounded regular region B of Euclidian three-dimensional space and assume that its boundary oB is a piecewise smooth surface. A chemically inert mixture consisting of two thermoelastic solids, s 1 and s 2 , fills B.
We refer the motion of the body to a fixed system of rectangular Cartesian axes. We shall employ the usual summation and differentiation conventions: Latin subscripts are understood (unless otherwise specified) to range over the integers (1,2,3), summation over repeated subscripts is implied, subscripts preceded by a comma denote partial differentiation with respect to the corresponding Cartesian coordinate, and a superposed dot denotes time differentiation. Greek indices understood to range over the integers (1,2) and summation convention are not used for these indices.
According to the linear theory (see Ies ßan (1991), Nappa (1997) , Martínez and Quintanilla (1995) ) the fundamental system of field equations that governs the motion of an anisotropic and centrosymmetric mixture consists of:
-the equations of motion -the constitutive equations
in B Â ð0; 1Þ;
ð2:3Þ
where h is the temperature variation from the uniform reference temperature T 0 ; e ij , g ij and d i are defined by
and A ijrs , B ijrs , C ijrs , b ij , c ij , a ij , a and k ij are the constitutive coefficients. The above coefficients have the following symmetries
and moreover, the second law of thermodynamics implies that k ij a i a j P 0; for all a i 2 R: ð2:6Þ
Throughout this paper we assume that: (iv) k ij is a symmetric positive definite tensor so that we have
where k m and k M are strictly positive and denote the minimum and maximum conductivity moduly for k ij on B. It follows then, that 
Proof. Corresponding to the partial stress tensors t ij and s ij , we introduce the field T :¼ fT ij ; S ij g, where
By using the symmetry of the tensor T ij and the arithmetic-geometric mean inequality, it is easy to prove the inequalities
and
so that, we have The arithmetic-geometric mean inequality leads to the estimate (2.12) and the proof is complete. Let us consider the subsets S p ðp ¼ 1; 2; 3; 4Þ of oB so that h ¼ e h; on S 3 Â ½0; 1Þ; q i n i ¼ e q; on S 4 Â ½0; 1Þ;
ð2:23Þ
where e u i , e w i , e t i ,d i , e h and e q are given and n i are the components of the outward unit normal vector. We denote by ðPÞ the initial boundary value problem defined by the basic Eqs. (2.1) and (2.2), the constitutive Eq. (2.3), the geometrical Eq. (2.4), the boundary conditions (2.23) and the initial conditions 
Asymptotic spatial behaviour
In order to study the spatial behaviour of the solutions we introduce first the support of the given data. Let U ¼ fu i ; w i ; hg be a solution of the initial boundary value problem ðPÞ corresponding to the given data D ¼ fF (ii) if x 2 oB then e u i ðx; sÞ 6 ¼ 0 or e w i ðx; sÞ 6 ¼ 0 or e t i ðx; sÞ 6 ¼ 0 ord i ðx; sÞ 6 ¼ 0 or e hðx; sÞ 6 ¼ 0 or e qðx; sÞ 6 ¼ 0 for some s 2 ½0; s 0 : ð3:3Þ
Roughly speaking, b D s 0 represents the support of the initial and boundary data and the body supplies on the time interval ½0; s 0 . In what follows we shall assume that b D s 0 is a bounded properly regular region and we choose the Cartesian system of coordinate so that b D s 0 is enclosed in the half-space x 3 < 0. Otherwise, we will substitute b D s 0 by the smallest properly regular region including b D s 0 and which is contained in B. On this basis we introduce the notation S l for the open cross-section of B for which x 3 ¼ l, l P 0 and whose unit normal vector is (0, 0, 1). The corresponding curvilinear boundary will be denoted by oS l . We assume that the unbounded set B is so that S l is bounded for all finite l 2 ½0; 1Þ. We further denote by B l that portion of B in which x 3 > l, and we set Bðl 1 ; l 2 Þ ¼ B l 2 n B l 1 , l 1 > l 2 .
We recall that the distance of a point x 2 B to the set b D s 0 is Since the integral in (3.6) is an improper integral, we prove in Appendix that the conditions (3.5) and the positiveness assumptions upon the constitutive coefficients lead to 0 6 J ðl; tÞ < 1 and moreover, the following equality holds true: For these kind of initial boundary value problems, denoted in the following by ðP Ã Þ, we can write the measure J in an alternative form. First we note that the constitutive Eq. (2.3) 5 may be used to write
Then, we remark that the relation (3.8) leads to Z
;n da;
and hence the relation (3.9) becomes Z
So that, from (3.6) and (3.10) it follows that the measure J can be written in the form
da ds ds: ð3:11Þ
The above expression is useful to derive the following second-order partial differential inequality:
Lemma 2. Let U ¼ fu i ; w i ; hg be solution of the initial boundary value problem ðP Ã Þ corresponding to the given data D ¼ fF 
Proof. From (3.11), by a direct differentiation, we deduce 
On the basis of the Schwarz's inequality and the arithmetic-geometric mean inequality, from (3.16) we obtain oJ ot ðl; tÞ 6 1 2
where c 2 and K are defined by (3.13) 2 and (3.15), respectively, and e 2 is an arbitrary positive parameter. We equate now the coefficients of the various energy terms in the first integral in (3.18). We have Horgan et al. (1984) . Using the estimate deduced by Pompei and Scalia (2002) . Moreover, since c 2 depends only on the thermal conductibility coefficients k ij and the specific heat aT 0 , we can conclude that the mechanical effects decay more quickly than the thermal effects.
Concluding remarks
1. In the context of the theory of mixtures of thermoelastic solids, we have adopted a technique based on second order differential inequalities in order to study the asymptotic spatial behaviour of solutions. This method was introduced by Horgan et al. (1984) in order to establish spatial decay estimates in transient heat conduction and generalized by Quintanilla (2001a) for combinations of hyperbolic with parabolic equations. Quintanilla (2001a) proved that in a dynamical problem of thermoelasticity defined on a semi-infinite cylindrical region an energy expression is bounded above by a decaying exponential of a quadratic polynomial of the distance. In the same research line, but for different mathematical models we may cite the works, Quintanilla (2001b Quintanilla ( ,c, 2002a , Pompei and Scalia (2002) , Bofill et al. (2002) , Magañ a and Quintanilla (2006) and references therein.
2. The main result of the paper shows that, for every fixed time t 2 ½0; s 0 , the measure J ðl; tÞ decay more quickly than an exponential of the square of the distance to the support b D s 0 of the given data. 3. In deriving of this result, we have supposed that the solution of the initial boundary value problem ðP Ã Þ satisfies the supplementary conditions (3.5). These assumptions, which are usually made when the body is unbounded, allow to prove that the measure Iðl; tÞ defined in Appendix satisfies the estimate (A.4). The estimate (A.4) is in fact a generalization of the result obtained by Pompei and Scalia (1999) for a bounded region. As a by-product the improper integral J ðl; tÞ, constructed by integrating IðÁ; tÞ over ½l; 1Þ, is convergent and represents a measure of solutions.
4. From the above discussion, it follows that when the solutions of the initial boundary value problems ðP Ã Þ are constrained to belong to the class M it is important to have a measure defined on the cross-section S l of the region B which satisfies an exponential decay estimate similar to the estimate (A.4). This estimate assures that the corresponding volumetric function obtained by integrating the cross-section measure on ½l; 1Þ is bounded and defines a measure of solutions.
By using this strategy, we may introduce the following volumetric measure: We recall that the time-weighted surface power function method developed by Chirit ßȃ and Ciarletta (1999) has been used recently by Gales ß (2007) in the context of the viscoelastic porous mixtures. We established some spatial estimates of Saint-Venant's type (for bounded bodies) and some alternatives of Phragmén-Lindelö f type (for unbounded bodies). If we impose some conditions of the type (3.5), then the Phragmén-Lindelö f results reduce to exponential decay estimates. The basic equations used in this paper may be obtained formally by neglecting the viscous effects and the porous effects in the equations used in the above cited paper. So that, by using the same method, we deduce for the time-weighted surface power function b I ðl; tÞ an estimate of the kind b I ðl; tÞ 6 b I ð0; tÞ exp À c c l ; ð4:3Þ
where c is a positive constant depending on the constitutive coefficients.
